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Abstract
We sketch the average behaviour of the temperatures and densities of the main
components of the ΛCDM universe after inflation. It is modelled as a perfect fluid
with dark energy associated with the macroscopic effect of conformal variations of the
metric. The main events of the thermal evolution are studied, such as the effect of
particle annihilations and decoupling, and the transitions between the eras dominated
by different entities. Estimates of the average present epoch temperature of baryonic
matter and dark matter composed of neutralinos are given. We study the eventual
presence of a sterile neutrino component and find that the sterile neutrino density at
the epoch of primordial nucleosynthesis is in agreement with expectations when their
evolution starts, at the end of inflation, in temperature equilibrium with the rest of
the universe.
1 Introduction
The aim of this paper is to study the evolution of the scale factor and the global behaviour
of temperatures and densities of the components of the universe after the end of the epoch
of inflation and how these quantities are influenced by the property of the neutrinos being
Majorana or Dirac particles and by the choice of dark matter candidate masses. In this
description of the average evolution neither the details of the primordial nucleosynthesis
nor the impact of structure formation on the matter temperature are taken into consid-
eration. We assume dark matter to be of only one type and presume that the chemical
potentials are negligible in the regimes we are interested in.
To track the thermal history of the universe, let us consider the standard cosmologi-
cal picture based on the observational evidence that the universe is highly homogeneous,
isotropic and flat, and composed of approximately 72% dark energy, 23% dark matter and
5% baryonic matter [1].
Near the end of the twentieth century, astronomical observations of redshifts of super-
novae [2, 3] have led to the conclusion that the universe is expanding at an accelerated
rate. This behaviour indicates the presence of an entity with negative pressure, the dark
energy, and the concept of a cosmological constant in Eintein’s equations has thus been
revived. It acts as a repulsive gravity responsible for the accelerated expansion of the
universe.
One way to account for the origin and nature of the cosmological constant is by consider-
ing quantum fluctuations of the metric [4, 5]. At the Planck scale, gravity and quantum
mechanics can not be seen as independent. Space-time is expected to be coarse grained,
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requiring a quantum metric tensor.
The simplest way of generalizing the metric to include quantum effects is through a scalar
field ϕ describing conformal variations of the metric around its classical value. The ad-
vantage of conformal variations is that causality is obeyed, since the light cone structure
remains intact. These fluctuations can be written as follows [4, 5]
gµν = (1 + ϕ)
2g¯µν = Φ
2g¯µν , (1)
where g¯µν represents the usual classical metric tensor about which the fluctuations occur.
The fluctuation average is required to be < ϕ >=< ϕ,µ >= 0, centring the generalized
metric around its classical value and yielding no drift of ϕ in space-time.
The presence of fluctuations changes the Ricci tensor Rµν and curvature scalar R, and
when deducing Einstein’s equations from variation of the Einstein-Hilbert action with
respect to the classical metric and the fluctuation field, one gets (units ~ = c = 1) [5]
R¯λµ −
1
2
g¯λµR¯− g¯λµΛ = 8piGTλµ, (2)
with
Λ = −
1
4
(
R¯+ 8piGTλµg¯
λµ
)
, (3)
where the quantities with a bar refer to the classical expressions without fluctuations.
Equation (2) is Einstein’s equation with a cosmological constant (3) that stems from the
fluctuations. It is possible to show [5] that the magnitude of Λ is consistent with the
observational values attributed to dark energy. Thus, the accelerated expansion that dark
energy accounts for in standard cosmology can be seen as a consequence of considering
quantum fluctuations present at Planck scale.
For the universe as a perfect fluid, the stress-energy tensor has the form
T µν = (ρ+ P )uµuν − Pgµν , (4)
where ρ represents the mass-energy density and P represents the pressure of the fluid. We
can use it in equation (3) to ascertain that the cosmological constant derived this way is
indeed constant. Taking the time derivative of equation (3), we confirm [6] that Λ˙ = 0.
We will use the Robertson-Walker metric, appropriate for a homogeneous and isotropic
universe, as observations seem to indicate ours is,
ds2 = dt2 −Q(t)2
[
dr2
1− kr2
+ r2(dθ2 + sin2 θdφ2)
]
, (5)
where Q(t) represents the scale factor and k the curvature of the space.
The standard model for cosmology stipulates that the universe originated from a hot dense
state, that expanded and cooled down with time. This Big Bang model can be comple-
mented by inflationary theories, which propose a brief period of exponential growth for
early times. We can study what happened after inflation, by using Friedmann’s equation
3
Q˙2 + k
Q2
− Λ = 8piGρ. (6)
It is customary to divide the density by the critical density (H0 is the Hubble constant)
ρc =
3H20
8piG
, (7)
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and work with the density parameter Ω = ρ/ρc. We can define different density parame-
ters for the different entities, namely the density parameter for matter, Ωm (where we can
further distinguish between the density of baryonic matter Ωb and cold dark matter Ωc)
and for radiation, Ωr. Similarly, the cosmological constant and curvature can be expressed
by the density parameters ΩΛ = Λ/3H
2
0 and Ωk = −k/(Q(t)
2H20 ).
It will also be important to consider the equation that describes the energy-mass conser-
vation
ρ˙i = −3
Q˙
Q
(ρi + Pi), (8)
which can be written independently for each component i, as long as there is no significant
conversion between them.
We can use equations of state [7]
ωi =
Pi
ρi
, (9)
to integrate the energy conservation equation, for convenience written in the form
Ω˙i
Ω
= −3(1 + ωi)
Q˙
Q
, (10)
and relate the density parameter of each entity with the scale factor. This leads to the
following behaviour. For radiation
ωr =
1
3
, Ωr ∝ Q(t)
−4, Tr ∝ Q(t)
−1; (11)
for matter (dust)
ωm = 0, Ωm ∝ Q(t)
−3, Tm ∝ Q(t)
−2; (12)
and for dark energy
ωΛ = −1, ΩΛ ∝ constant. (13)
2 Simulation procedure
2.1 Modelling the density
The proportionality between the density and the temperature of the matter contributions
is easy to find knowing the present time (t0) value of Ωm and ofQ(t) (which we choose to set
as Q(t0) = 1), but not in the radiation case. In the early universe, when the temperature
was high enough, other particles were relativistic and were in thermal equilibrium with
photons, being part of radiation. We can address this by counting the effective degrees
of freedom of each species, to obtain N(T ) for the initial relativistic particle mixture and
for subsequent times. This is done by considering that a species annihilates when its rest
mass is higher than the temperature, the point at which it stops contributing to N(T ). As
the temperature decreases with time, different particles annihilate with their antiparticles
when the temperature of the universe reaches their mass threshold, reducing the number
of degrees of freedom and liberating thermal energy of annihilation in the process. This
occurs until only photons remain thermalized. Reading from bottom to top, Table 1 lists
the values of N(T ) as standard model particles are annihilated. Alternatively, we can
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visualise the inverse process: as the temperature increases when we travel backwards in
time, new particles are created when the temperature of the universe reaches their mass
threshold, unfolding new degrees of freedom.
4N
Tr New particles 4Nr(Tr) 4Nν(Tν) 4Ns(Ts)
Tr < me γ’s 8
21
21
me < Tr < TDν e
± 22
TDν < Tr < mµ ν’s 43
mµ < Tr < mpi µ
± 57
mpi < Tr < Tc pi’s 69
Tc < Tr < ms uu¯, dd¯, g’s−pi’s 205
ms < Tr < mc ss¯ 247
mc < Tr < mτ cc¯ 289
mτ < Tr < mb τ
± 303
mb < Tr < mW,Z bb¯ 345
mW,Z < Tr < mH W
±, Z0 381
mH < Tr < mt H
0 385
mt < Tr tt¯ 427
Table 1: Effective relativistic degrees of freedom with increasing temperature (adapted
from [8] 1).
Table 1 reflects also the change inN as neutrinos decouple from equilibrium. It is worth
noting that we consider neutrinos to remain relativistic until the present epoch. Let us first
discuss the case of Majorana neutrinos, disregarding the last column (Ns(Ts)). Neutrinos
decouple at a temperature TDν when their interaction rate with electrons becomes too
low for equilibrium to be maintained. This means that no annihilation occurs when TDν
is reached and consequently no thermal annihilation energy is available [9]. The degrees
of freedom of neutrinos become separate from the degrees of freedom of radiation when
they decouple, but neutrinos continue sharing the temperature of radiation until the next
annihilation occurs, which happens at the electron-positron threshold. If we consider
N = Nr(Tr) + Nν(Tν) after the decoupling threshold, then in the interval between TDν
and me we have Tr = Tν . Once the temperature reaches me, positrons and electrons
annihilate and the annihilation energy is deposited in radiation but not in the neutrinos.
From then on, Tr > Tν .
Considering now the case of Dirac neutrinos, there exist twice as many neutrino states,
as compared to the Majorana case, since antineutrinos are now distinct from neutrinos.
Experiments however only observe left-handed neutrinos, i.e. neutrinos with negative
helicity and antineutrinos with positive helicitiy. Therefore, if the other helicities do exist
we need to consider them to be sterile components. Whereas the active neutrinos have
1The difference between [8] and our analysis is that we account for both Majorana and Dirac neutrinos
and explicitly separate out the number of degrees of freedom of neutrinos Nν(Tν) after they decouple from
radiation.
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the same degrees of freedom as in the Majorana case (denoted by the index ν in Table 1),
the sterile neutrinos (index s, last column) are not coupled to the rest of the universe at
all, exhibiting a mere Ts ∝ Q
−1 dependence.
From particle thermodynamics, N(T ) enters the density of radiation as [8]
ρ =
pi2
30
N(T )T 4, (14)
and the entropy transfer in an annihilation process (from state b to a) allows us to write [7]
Nb(QTb)
3 = Na(QTa)
3 =⇒ Ta =
(
Nb
Na
) 1
3
Tb. (15)
Thus, for the relation between the density before and after the annihilation of a species,
in terms of the density parameter, we have
Ωa
Ωb
=
Na
Nb
(
Ta
Tb
)4
=⇒ Ωa =
(
Nb
Na
) 1
3
Ωb. (16)
To compute the present day density parameter of radiation we use equations (14) and (7)
Ωγ(t0) =
ργ(t0)
ρc(t0)
=
pi2
30
Nr(Tr(t0))Tr(t0)
4 8piG
3H2
0
. (17)
Knowing that Tr(t0) = 2.725 K [10], we obtain
Ωγ(t0) ≃ 4.986 × 10
−5. (18)
Similarly, we can compute the present energy density of Majorana neutrinos using
Ων(t0) =
ρν(t0)
ρc(t0)
=
pi2
30
Nν(Tν(t0))Tν(t0)
4 8piG
3H2
0
, (19)
where, from (15),
Tν(t0) =
(
4
11
) 1
3 Tr(t0)
Q(t0)
≃ 1.945 K. (20)
According to Table 1, neutrino degrees of freedom are treated separately for times subse-
quent to e±-pair annihilation. Then we have Nν(Tν(t0)) = 21/4 and inserting this in (19),
we obtain
Ων(t0) ≃ 3.40 × 10
−5 . (21)
We can write the density parameter of radiation as
Ωr(t) =
1
ζ
[
Nr(Tr)Tr(t)
4 +Θ(TDν − Tr)Nν(Tν)Tν(t)
4
]
, (22)
with
ζ ≡
90H20
8pi3G
, (23)
where, between a certain particle threshold and the next threshold at ti, only Tr(t) changes,
while the other terms of Ωr(t) remain constant. The step function Θ expresses the decou-
pling of neutrinos below Tr = TDν .
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Writing (14) in terms of the radiation temperature and considering that the scale factor
relates to it via (11), we get
Tr(t) =
(
ζ
ΩTr (ti)
N(t)
)1
4 1
Q(t)
, (24)
where ΩTr (t) is identical to Ωr(t) before the e
± threshold and only accounts for the photons
after the threshold [6].
In the Dirac neutrino case, the active neutrinos behave as the Majorana neutrinos de-
scribed above. The sterile neutrinos follow their own temperature dependence and we
assume that they start out at the same temperature T1 as the rest of the universe at the
end of inflation, t = t1. From then on,
Ωs(t) = Ωs(t1)/Q(t)
4 , (25)
where
Ωs(t1) = ζ
−1 21
4
T 41Q(t1)
4 . (26)
2.2 Modelling the temperature
The process of a species leaving equilibrium takes a certain time to occur — for every
particle to stop scattering with the species that remain thermalized, over the whole uni-
verse. As the temperature drops with the expansion and reaches an annihilation threshold,
we model the annihilation stage by assuming that the energy liberated in the annihila-
tions maintains the temperature constant until all annihilations cease. We define the step
function N(t) according to Table 1 to describe the change of degrees of freedom available
before and after the transitions. During the transitions, the temperature is kept constant
by requiring N(t) = S(t), where
S(t) =
(
ζ
ΩTr (ti)
Q(ti)Q(t)3
)
×


m−4e , Tr(t) = me
m−4µ , Tr(t) = mµ
m−4pi , Tr(t) = mpi
T−4c , Tr(t) = Tc
m−4s , Tr(t) = ms
m−4c , Tr(t) = mc
m−4τ , Tr(t) = mτ
m−4b , Tr(t) = mb
m−4W,Z, Tr(t) = mW,Z
m−4H , Tr(t) = mH
m−4t , Tr(t) = mt
. (27)
To model the dark matter temperature, we consider one of the proposed particle can-
didates as responsible for the observed 23% of the density of the universe assigned to
dark matter. Since the thermal decoupling of neutralinos has been quantitatively stud-
ied in [11] and [12], we will consider them in our approach. Neutralinos drop from the
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thermal chemical equilibrium with radiation when the expansion of the universe makes it
difficult for a neutralino to find another one to annihilate with. However, by collisions with
fermions, neutralinos maintain the kinetic equilibrium and continue sharing the radiation
temperature. The temperature at which neutralinos kinetically decouple if their masses
are known is according to [12]
Tkd =
(
1.2 × 10−2
mP l
Mχ˜(M
2
L˜
−M2χ˜)
2
)− 1
4
, (28)
where mP l is the Planck mass, ML˜ the mass of the sfermions (that in this approach is
assumed to be the same for all sfermions) and Mχ˜ the mass of the neutralino. Knowing
that TDM (t0) = Tkd(Mχ¯)Q
2
kd, we can write a step function for dark matter, that will be
identical to (24) until neutralinos decouple kinetically, when they are non-relativistic and
follow (12) afterwards
TDM (t) =
{
Tr(t), t < tkd(Mχ¯)
Tkd(Mχ¯)Q
2
kdQ(t)
−2, t ≥ tkd(Mχ¯)
. (29)
2.3 Equation of motion
We are now ready to write the equation of motion for this universe, by rearranging Fried-
mann’s equation (6) and writing the density parameter of each entity as a function of the
scale factor, obtaining
Q˙(t) =
√
Ωr(ti) + Ωs(t1)
Q(t)2
+
Ωb(t0) + Ωc(t0)
Q(t)
+ Ωk(t0) + ΩΛQ(t)2 , (30)
where the sterile neutrinos are included if Ωs(t1) is not set to zero.
Solving equation (30) numerically, using the Fehlberg fourth-fifth order Runge-Kutta
method, we obtain the scale factor as a function of time and it allows us to compute the
temperature and density parameter. The 7-year WMAP observations [1] and eqs. (18)
and (21) determine the present-epoch values of the density parameters of each component.
For radiation
Ωr(t0) = Ωγ(t0) + Ων(t0) . (31)
For the present density parameter of matter, we use
Ωmat(t0) = Ωb(t0) + Ωc(t0). (32)
The time t will be given in units of the Hubble time H−1
0
and the initial time and scale
factor values correspond roughly to the estimates of the end of inflation (t ∼ 10−32s and
Q(t) ∼ 10−27) [7].
3 Results
3.1 Scale factor
The proportionality constant of the radiation density parameter varies at each particle
annihilation threshold due to the decrease in degrees of freedom during the expansion
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of the universe. We can solve the equation of motion with a different constant for each
time interval between two annihilation thresholds. This results in a set of 12 solutions. In
terms of temperature, the particle annihilation thresholds do not present a very significant
deviation from the law T ∝ Q−1 except in the e± case. The scale factor computed from just
two differential equations, one to describe the universe before the annihilation of electrons
and positrons, and another to describe it afterwards, yields a very good approximation [6],
but the cumulative effect of all the annihilation processes is noticeable when considering
the temperature evolution.
A feature we investigated was how the scale factor modifies if neutrinos are Dirac or
Majorana particles. It turns out that the overall results are almost indistinguishable in
both cases. In Figure 1 the evolution of the scale factor in the time range where the
particle annihilation processes occur is shown.
Figure 1: Scale factor over the range of particle annihilations as function of time, with t
in H−1
0
units.
The age of the universe is model dependent — a universe with a dark energy component
is older than one comprised only of matter and radiation, since the expansion rate is
accelerating in a model with Λ — and in our study, which includes dark energy, the value
that t attains when Q0 = 1 is t0 ≃ 0.9983 H
−1
0
, equivalent to 13.87 Gyrs.
3.2 Temperature
3.2.1 Radiation Temperature
Figure 2 presents the temperature of radiation over the time range which encompasses all
the particle annihilation processes. The step-like temperature behaviour due to the values
of N(t) is almost invisible except at the e± threshold, around t ∼ 10−17H−1
0
. Zooming
into the regions where the temperature equals the rest-mass of the other particle species,
the annihilations become noticeable, see Figure 3.
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Figure 2: Radiation temperature in the range of particle annihilation vs. time, with t in
H−1
0
units and T in K.
Figure 3: Radiation temperature vs. time, with t in H−1
0
units and T in K, showing the
threshold of annihilation of (left) W and Z bosons, Higgs boson and top quark, (center)
charm quark, τ particle and bottom quark, and (right) µ, pi, hadrons and strange quark.
3.2.2 Neutrino Temperature
Majorana neutrinos (or active neutrinos in the Dirac case) differ from photons in temper-
ature because they decouple shortly before electrons and positrons annihilate and are not
sensitive to the associated change in effective degrees of freedom. In this way, to describe
the neutrino temperature we use the radiation temperature until t = te, the point at which
we alter N(t) to Nν and Ω
T
r (ti) to Ων(t0). Thus, we can write
Tν(t) =
(
ζ
Ων(t0)
Nν(t)
) 1
4 1
Q(t)
, t ≥ te, (33)
while before the time te they share the radiation temperature, (24). Plotting Tr(t) and
Tν(t) given by (33) in Figure 4, we can see the moment when the active or Majorana
neutrinos decouple from radiation, around t ≃ 10−17H−1
0
. We observe that having Ωr(te)
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and 4N = 43 in (24) is equivalent to having Ων(t0) and 4N = 21 in (33), because the
temperature of radiation beforeme is reached coincides with the temperature of the active
neutrinos when they become a separate species, at t = tTDν . If neutrinos are of Dirac type,
the active neutrinos behave as in the Majorana case. Since the scale factor does not change
noticeably when including sterile neutrinos, the temperature behavior of active neutrinos
Ta is practically indistinguishable from the Majorana neutrino temperature Tν . The sterile
neutrino temperature Ts decreases monotonically, unaffected by the threshold processes.
Figure 4: Radiation temperature Tr and neutrino temperature Tν in the Majorana case,
as well as the active and sterile neutrino temperatures in the Dirac case, Ta and Ts, as
functions of time, with t in H−1
0
units and T in K. On the right, we focus on the electron-
positron annihilation threshold.
3.2.3 Matter Temperature
For neutralinos, we take three different mass values in reasonable limits, namely m1 =
10 GeV, m2 = 100 GeV and m3 = 1 TeV and use equation (29) to determine the time
when the neutralinos decouple from thermal equilibrium with radiation, as is depicted
in Figure 5. For subsequent times, they are non-relativistic and their temperature fol-
lows the behaviour of the matter temperature (∝ Q(t)−2). At t0 their temperatures yield
T (m1) ≃ 1.79× 10
−11 K, T (m2) ≃ 1.16 × 10
−11 K and T (m3) ≃ 4.70× 10
−13 K.
The baryonic component of matter, created around Tc ≃ 2.3×10
12 K at the quark-hadron
confinement, can already be considered non-relativistic from the time it was formed.
Baryons remained in thermal contact with radiation until decoupling, which according
to estimates [8] happened around the temperature TD ≃ 3000 K, corresponding in this
work to a universe aged 373 thousand years, consistent with other works (e.g. 376 ± 4.1
thousand years cf. [13]). At that time the radiation and baryonic matter temperatures
were still the same. This translates as
TD = Tr(tD) =
Tr(t0)
QD
=⇒ QD =
Tr(t0)
TD
≃ 9.083 × 10−4, (34)
and
TD = Tmat(tD) =
Tmat(t0)
Q2D
=⇒ Tmat(t0) = TDQ
2
D ≃ 2.475 × 10
−3K. (35)
The present epoch temperatures of baryonic and dark matter are idealized averages of
the matter temperatures in the universe. Since baryonic matter and most probably dark
10
Figure 5: Representation of neutralinos decoupling kinetically from radiation by plotting
Tr(t) and TDM (t), with t in H
−1
0
units and T in K.
matter clustered into structures, matter-rich regions are expected to possess much higher
temperatures than low-density space.
3.3 Density
The radiation density parameter includes photons and neutrinos (which we assume as
Majorana throughout this section) and is given by (22). Plotting the radiation density in
Figure 6, we note that at this scale the annihilation processes have no visible effect. If we
zoomed into the regions where the various species annihilate, as we did in the case of the
radiation temperature, we would observe a small effect at each stage.
Figure 6: Radiation density parameter in the range of particle annihilations, with t in
H−1
0
units.
Dark energy vs. time is a constant, ΩΛ, while matter density is divided into the dark
matter and baryonic parts. The latter appears only after baryogenesis, when part of the
radiation density is transferred to the new-born baryons. We can describe this process
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using again a step function
Ωmat(t) =
{
Ωc(t0)Q(t)
−3, t < tTc
[Ωc(t0) + Ωb(t0)]Q(t)
−3, t ≥ tTc
. (36)
Plotting an overview of the behaviour of the density contributions in a general universe
in Figure 7, we see that the matter density decreases more slowly than the radiation
density, leading to a matter-radiation equality point. The intersection between the two
components happens in the simulation at t ≃ 1.6 × 10−6H−1
0
≃ 22 thousand years, when
the universe becomes matter-dominated, thus the universe was already matter-dominated
when baryonic matter decoupled from radiation. We observe the dark energy component,
constant over time, gaining importance for later times and the point when it becomes the
dominant component of the universe, at t = 0.69H−1
0
, corresponds to 9.6 Gyrs.
Figure 7: Representation of the density parameters over time, with t in H−1
0
units, from
the beginning of the particle thresholds to the present time.
Let us now focus on the neutrino densities. The number of neutrino species affects
primordial nucleosynthesis and according to [14] sterile neutrinos should be suppressed by
a factor ≃ 0.05 at the epoch of T = 1 MeV and can never have been in thermal equilibrium
if they are light (masses below 30 eV). It is interesting to observe that our calculation,
which starts at the end of inflation assuming a common initial temperature for all species,
attains the value ρs/ρν = 0.047 at the epoch of nucleosynthesis. The suppression factor
stems from the lower temperature of the sterile neutrinos at nucleosynthesis, since they
did not acquire any of the annihilation energies which the active neutrinos accumulated
until then.
4 Conclusions
Through modelling the universe as a perfect fluid in terms of Q(t), Ω(t) and T (t), inter-
preting dark energy as arising from fluctuations of the metric and assuming neutralinos as
dark matter particles, we could reconstruct many of the important events of its evolution.
Starting from the known present epoch parameters, we show the temperature and density
12
effects of particle annihilation and estimate the average present temperature of dark mat-
ter if it was composed of neutralinos.
We consider the two possibilities of Majorana and Dirac neutrinos. The overall devel-
opment of the universe is not noticeably affected by the extra degrees of freedom of the
Dirac neutrinos as compared to the Majorana case. We find the interesting result that
at the epoch of primordial nucleosynthesis the sterile neutrino density, compared to the
active neutrino density, is suppressed by a factor which is in agreement with estimates in
the literature, when the sterile neutrinos start out, at the end of inflation, with the same
temperature as the rest of the universe.
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